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Behzad and Vizing have conjectured that given any simple graph of maximum degree A, 
one can colour its edges and vertices with A + 2 colours so that no two adjacent vertices, or two 
incident edges, or an edge and either of its ends receive the same colour. We show that for any 
simple graph G, V(G)U E(G) can be fractionally coloured with A + 2 colours. 

1. Prel iminaries  

The total graph T(G) of a graph G= (V,E) has vertex set VUE; two vertices 
of T(G) are adjacent precisely if they correspond to adjacent vertices of G, incident 
edges of G or an edge of G and one of its ends. A long standing conjecture of 
Behzad [1] and Vizing [7] is that  for any simple graph G, T(G) can be coloured 
with at most A + 2 colours, where A is the maximum vertex degree of G. This 
is equivalent to saying that  the vertices of T(G) can be part i t ioned in at most 
A §  sets of mutual ly disjoint vertices called stable sets. The best known bound on 
the chromatic number of T(G) ,  obtained by Hind [4], is x'(G)+2[X1/2(G)], where 
x~(G) is the chromatic index of G and x(G) its chromatic number. Only very special 
cases of the conjecture have been verified (see [6]). In this paper  we formulate the 
general total  fractional colouring problem for simple graphs and present a solution 
to it requiring at most A § 2 colours. In other words, we show that  when fractions 
of stable sets are permitted,  the Behzad-Vizing conjecture holds true. 

Each stable set T of T(G) corresponds to the union of a matching M and a 
stable set S of G such that  5(S) M M = ~, where 5(S) denotes the edges of G with 
exactly one endpoint in S. We call such sets total stable sets. The family of total  
stable sets of G is denoted by 5r. A fractional total colouring of a simple graph G 
is a feasible solution of the linear program 

(1) min{wT : w>__O; ~WT>_l ,  uEE(G) UV(G), T E J } ,  
Tgu 
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where w is a row vector indexed by the total stable sets of G and T-- (1, . . . ,  1) T. 
(Strictly speaking, fractional total colourings are feasible solutions to 

min{wl : w>>_O; EWT=I ,  uEE(G) UV(G),TEY }. 
T ~ u  

However, these two linear programs are equivalent in the sense that  given any 
feasible solution W 1 of the former with w i t  = w*, we can easily obtain from it a 
feasible solution w 2 if the latter with w2T<_w *, and vice versa.) 

Ryan [5] in a recent paper gave an integer programming formulation of the 
total colouring problem and proved that  its linear programming relaxation has its 
value bounded by A + 2 for any simple graph G. The relaxation she presented is 
weaker than (1) as it allows a covering of the elements of G by fractions of not only 
total stable sets but other subgraphs of G as well. We shall prove in section 2 that  
for any instance of a simple graph G, the minimum in (1) is bounded above by 
A + 2. In the remainder of this section we review some results, which we will need 
in our proof, concerning fractional edge colourings of graphs. 

For any graph G, consider the linear program 

(2) m i n { y l  : y>_0; EyM>_Ce, eEE(G), MEJtt}, 
M 9 e  

where ee E Q+ and ~t  is the family of matchings of G. A feasible solution y to (2) 

is called a weighted fractional colouring of G. If c=1 T, then y is a fractional edge 
colouring of G. The dual of (2) is 

max{cx : x E QM}, 
where 

eEM 

The theory of antiblocking polyhedra developed by Fulkerson [3], tells us that  the 
antibloeker A(QM) of QM is are convex hull of the incidence vectors of matehings 
of J. Edmonds [2] has shown that  

f 

E V(G); 
( 

< LIuI/2J, 
~E(U) 

where E(U)={eEE(G) : e=uv, {u,v}CU}. Hence, 

(3) max{cx : xE QM}= max { ~5(v Ce' ( 
UC_V(G) e ) eEE(U) 

UcV(G),IUI =1}, 

co)/Ll l/2.1 }. 
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The last equality suggests the following definition. An induced subgraph H of 
G is called overfull if IE(H)I > A ( I V ( H ) I -  1)/2. Note that  if H is overfull, then 
15(H)I < A - 1  and when G is simple IV(H)I >_ A + I .  Also, it is easy to check that  for 

c=T T, the maximum in (3) is A, unless G contains an overfull subgraph in which 
case it can be more than A. As a consequence, if G has no overfull subgraphs, 
then it has a fractional edge colouring y with y l  = A. An overfull subgraph of 
G is minimal if no proper subset of its vertices induces an overfull subgraph of 
G. Overfull subgraphs, particularly minimal ones, turn out to be pivotal in our 
treatment of the fractional total colouring problem. 

2. A A + 2 fractional total colouring 

Theorem. Any simple graph G can be Dactionally total coloured with at most A+2 
colours. 

Proof. The main idea of the proof is easy to explain. A A + 2  vertex colouring of G 
is first selected. Then, for each colour class Si, 1 < i < A + 2, a weighted fractional 
edge colouring of G -  Si is obtained by solving (2). Finally, these two colourings of 
vertices and edges of G are suitably combined to obtain the desired feasible solution 
to ( i ) .  

Clearly, if G has maximum degree A then it has a A + 2  vertex colouring (just 
colour V(G) greedily). In fact, if we can choose a A + 2  vertex colouring of G such 
that  for each colour class Si, G - S i  contains no overfull subgraph, then it is easy to 
fractionally colour T(G). For each i, we will obtain a A fractional edge colouring 
of G - Si and then combine the matchings in this colouring with Si to obtain the 
total stable sets containing Si. The details are explained below. 

Consider a A + 2 vertex colouring of G and suppose that  for each colour class 
Si, 1 < i < A+2,  G - S i  contains no overfull subgraph of G and thus has a fractional 
edge colouring y~ satisfying y~l = A. Let v~,~ i denote the family of matchings of 
G - S i .  We can now obtain a feasible solution to (1). For each i, 1 < i < A + 2, let 

i A Tij = Si U Mij and WT~j = YM~j / for all Mij E~Li. For all other total stable sets T 

of G, let WT : 0. Clearly, each Tij is a total stable set of G. Also, for each node 
v E Si we have that  

TBv Mij ~ i  

and for each edge eEE(G),  with one end in Sk and one end in Sin, 
A + 2  A + 2  

i A = 
TBv i=l Mij E.AAi i=i 

i~{k,m} i~{k,m} 

Moreover, 
A + 2  A + 2  

i 

i=1  Mij 6.bLi i=l 
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as required. 
A parenthetical note. Using the same ideas, one can easily obtain a A +3  total 

colouring of any simple graph G. Simply start with a A + 3 vertex colouring and 
modify the weights of the total  stable sets so that  now, WT~,j ----Y~M~,j/(A + 1). 

It remains to prove the theorem for the case in which G has no A + 2 vertex 
colouring such that  G -  Si, 1 < i < A + 2, contains no overfull subgraphs of G. 
This is equivalent to saying that  there is no partitioning of V into colour classes 
S1,...,SA+2 such that  SiGV(H)~ 0 for each colour Class Si and each overfull 
subgraphs H of G. It turns out that  we cannot colour V as desired if and only if G 
contains at least one overfull subgraph of size A+I .  In this case we will have to deal 
with these subgraphs separately. To begin, we show that  any two such subgraphs 
are disjoint. 

We will need the following notation. For any two disjoint subgraphs G1, G2 of 
G, E(G1,G2) will denote the set of edges of G with one end in G1 and the other 
in G2. 

Lemma 1. Let H1, H2 be overfuI1 subgraphs of a graph G. IflE(H1NH2,HI\H2) [ <_ 
[E (H1NH2,H2\H1) I ,  then H1 \ H2 is overfuII. 

Proof. We have that  

IE(H1 NH2)[ + [E(gl NH2,H1 \ H2)[ 
< (IV(H1 n H2)IA - I E ( H 1  NH2,G\ (H1 GH2))I)/2§ n H2,H1 \H2) I  

< IV(H1 N H2)IA/2. 

Thus, 

IE(H1 \H2) [  = I E ( H 1 ) I -  [E(H1 N H2,H1 \ H 2 ) [ -  [E(H1 NH2)[ 

> (IV(H1)[ - 1)A/2 - IV(H1 N H2)IA/2 = (IV(H1 \/-/2)1 - 1)A/2. 

Therefore, H1 \ / / 2  is overfull. I 

Corollary. Any two minimal overfull subgraphs of a graph G are disjoint. 

Corollary 2 can be used to show that  if all overfull subgraphs of G contain 
at least A § 2 vertices, then there exists a A + 2 vertex colouring of G such that  
each overfull subgraph of G contain a vertex of each colour. To this end, consider 
a graph G with no overfull subgraphs of size A + 1 and let H be a minimal overfull 
subgraph of G (if G has no such subgraph, any A + 2 colouring of V suffices). 
If H is the only minimal overfull subgraph of G, then we can choose a set D of 
A § 2 vertices in H,  give them all distinct colours and then extend this greedily 
to a colouring of V. If there is another minimal overfull subgraph in G, then, 
by induction, we can colour V(G \ H) such that  with overfull subgraph of G \ H 
contains a vertex of each colour. By Corollary 2, to obtain our desired colouring, 
we need only extend this to a colouring of G in which every colour appears in H.  
Again, we will choose a subset D- -{Vl , . . . ,  vA+2} of H,  give these vertices distinct 
colours, and then extend greedily on V(H) -  D to complete our colouring of V. 
We choose D so that  it contains all the vertices of H which are the ends of edges 
of ~(H) and such that,  if vi is the endpoint of some edge of ~(H) and i > j then 
vj is the endpoint of some edge of ~(H) (this is possible since I~(H)I < A -  1). 
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Having coloured {vl , . . .  ,vi-1}, we choose a colour for vi different from those given 
to {vl,... ,vi-1} and any endpoint of an edge viw with w E V(G\H)  as follows. 
Clearly, if there are no such edges we can find a colour for vi. If  there is such an 
edge then by our choice of D, I{w : w E V(G\H),  viwEE}l < I ~ ( G ) [ - ( i - 1 ) < A - i  
and hence, there are at least three choices for the colour of vi. I t  follows that  we 
can obtain our desired colouring of G. 

The above remarks allow us to restrict our at tention to graphs which have at 
m 

least one overfull subgraph of size A + 1. Hence, G = G / U Hj, where the Hj's 
j = l  

are disjoint overfull subgraphs of G each of order A + 1 and G I contains no such 
subgraph. Furthermore,  the method of the previous paragraph,  with the obvious 
modifications, can be used to obtain a partit ioning of the vertices of G into colour 
classes S1 , . . . ,SA+2 such tha t  for every overfull subgraph G of G, Si M V ( H ) 5 0 ,  
I < i < A + I ,  and SA+2NV(H)~O when [ V ( H ) [ > A §  

We now describe how to obtain a fractional total  colouring w of G. Since 
6(Hi)  < A - 1 and J V(Hj)[ = A + 1, 1 < j < m, Hj contains a vertex vj with all its 
neighbours in Hi. Select one such vertex f rom each Hj and let A be the set of the 
chosen vertices. Denote by Ai the set of vertices of AN Si, 1 < i < A + 1. For each 
colour class Si, 1 < i < A + 1, we obtain an optimal  fractional edge colouring y~ of 
G-Si ,  unless Air  ~. If  Ai ~ 0, t hen we set ce = 1/2 if e E 5 (Ai) and ce = 1 otherwise 
and obtain, by solving (2), an optimal  weighted edge colouring yi of G - ( S i -  Ai) 
with these edge weights. Finally for i - - A  + 2, we define a vector c on the edges of 
G - S A + 2 ,  with ce =-1/2 if e E 6(A), ce = 1 otherwise, and again obtain a minimum 
weighted fractional edge colouring yA+2 of G -  SA+2 relative to c. 

By increasing some components of each yi, if necessary, we shall assume that  
y i [_  A. We can also ensure that  for any i, 1 < i < A + 2, whenever Ce -- 1/2, we 
have tha t  ~ y~/--Ce by dropping e from some total  stable sets. Let .~ti denote 

MSe 
the family of matchings of G-(S i -A i ) .  We are now ready to describe a fractional 
total  colouring of G. For each i, 1 < i < A + 2, let 

and 

Mij U (Si - {v : VEAl,  ~(v) M MIj r O}) 

Tij= Mi jUSiU{v  : y E A ,  5(v) MMij=O}) 

i f l < i < A + l  

otherwise 

vEAi, then 

~ / . ,  i :  
$(v)nMij=O 

= A/ (2A)  + A/ (2A)  = 1, 

/ A+2 
2-, tYMA+2j/A) 

MA-b2j ~A+2 : 
~(v)nMA+2 j =@ 

WT~j = yiMij/A 1 < i < A + 2 ,  

for all Mij EJAi. For any other total  stable set T of G, w T = O. 
A simple inspection ensures tha t  each Tij is a total  stable set of G. Moreover, 

w is a fractional total  colouring of G. Indeed, consider any v E Si and suppose that  
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if v it Ai, then 

i /_~ 

Tgv Mij E~ti 

Also, for every eE6(A),  with one end in AMSk and one end in Sin, 

A + 2  
i 

Tge ~=1 MijE~bLi 
i~s 

and for any other e E E ( G ) ,  with one end in Sk and the other in Sin, 

A + 2  A+2 
i zl _ ---- = 

T3e ~=1 M~j EJd,,i i = 1  i~{k,,~} i~{k,,q 

Finally, 
A-F2 

i 
A + 2  

--- ~ l = A + 2 .  
i = l  i=1 M~ 6~Q 

and the proof of the theorem is complete. 
We note tha t  there are graphs for which optimal fractional total  colourings 

contain exactly A + 2 colours. Complete graphs with an even number  of vertices 
are such examples. 
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